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s, Kan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Kan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Abstrat
We argue that all fermioni states haraterized by the (four) veloity not momen-
tum of the fermion are always oupied by a single fermion. So there is no fermion
number violation whatsoever. The mass of an elementary partile is not determined
by eld equations and is quite arbitrary. Though onstant in the free state, intera-
tion may ause a fermion to go from nite to zeromass state, interpreted as vauum,
and vie versa. We argue that a massless fermion an't be deteted. Sine ou-
pation number is not xed the arguments leading to the above onlusions annot
be extended to bosons. We alulate sattering amplitude for a typial proess like
Rutherford sattering in the light of the present disussion to show that there is no
ontradition with the experimental results.
1
A reent work [1℄ in the eld of neutrino osillation has raised the issue of a new
interpretation of fermioni vauum, whih we want to address in this paper. The
preset work omplements the earlier work [1℄.
We onsider the Dira equation
(iγ.∂ −m)ψ = 0 (1)
to start with and expand ψ in terms of plane wave solutions
ψ =
∑
α,~k
[bα~ku
(α)
~k
e−ik.x + d†
α~k
v
(α)
~k
eik.x] (2)
Where the symbols have their usual meanings. We often replae integration by sum-
mation, Dira δ by Kroneker δ-funtion and ignore C-number fators, whenever
onsidered not absolutely neessary.
One of the interesting aspets of equation (1) (or any other eld equations for
free elds) is, m the rest mass of the partile of the eld ψ is quite arbitrary and an
be hanged at will under the sale transformation m → αm, k → αk. The (four)
veloity of the partile v = k/m remains xed in this ase. Though either of ~v or ~k
an be treated as good quantum numbers for free stable partiles (xed m), suh a
saling ours in the ase of neutrino osillation [1℄, to make the theory selfonsistent.
We therefore label free fermioni states orresponding to equation [2℄ with ~v instead
of
~k. Thus
ψ =
∑
α,~v
[bα~vu
(α)
~v e
−imv.x + d†α~vv
(α)
~v e
imv.x] (3)
and the free Hamiltonian for the partiles
H0 =
∫
ψ†∂0ψd
3x
=
∑
α,~v
b†α~vbα~vω~v (4)
where v0 = (1 + ~v
2)1/2 and ω~v = m(1 + ~v
2)1/2 is the on shell energy of the partile.
From equation(1)
(γ.v − 1)u
(α)
~v = 0 (5)
(γ.v + 1)v
(α)
~v = 0 (6)
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So,
u
(α)
~v =
(γ.v + 1)
2
u
(α)
0 (7)
This implies
u
(1)
~v =
(
1 + v0
2
)1/2


1
0
vz/(1 + v0)
v+/(1 + v0)

 (8)
u
(2)
~v =
(
1 + v0
2
)1/2


0
1
v−/(1 + v0)
−vz/(1 + v0)

 (9)
in the standard representation, where v± = vx ± ivy and u¯
(α)
~v u
(α′)
~v = δαα′ for on shell
partiles. A similar relation holds for the other spinor v
(α)
~v .
From the equation (4) b†α~vbα~v an be interpreted as the partile number for the
state (α, ~v), whih an take on values 0 and 1 if the following anti ommutation
relations hold.
{bα~v, bα′~v′} = 0{b
†
α~v, b
†
α′~v′} = 0 (10)
{bα~v, b
†
α′~v′} = δαα′δ~v~v′ (11)
It is tempting to identify the system represented by equation (4) with quantum me-
hanial harmoni osillators with lowering and raising operators bα,~v and b
†
α,~v. So we
dene the anonial oordinate and momenta
Qα~v = −i(bα~v − b
†
α~v)/(2ω~v)
1/2
(12)
Pα~v = (bα~v + b
†
α~v)(ω~v/2)
1/2
(13)
From the anonial ommutation relations
[Qα~v, Qα′~v′ ] = [Pα~v, Pα′~v′ ] = 0 (14)
[Qα~v, Pα′~v′ ] = iδαα′δ~v~v′ (15)
We get,
[bα~v, bα′~v′ ] = 0 (16)
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[bα~v, b
†
α′~v′ ] = −δαα′δ~v~v′ (17)
The hange of sign on the right hand side of equation (12) as ompared to salar
elds, orresponds to the same of the ommutator in equation (17). We would get
the vauous solution b†α~vbα~v = 0 only,otherwise.
From equations ( 11) and (17) we get,
b†α~vbα~v = 1 (18)
bα~vb
†
α~v = 0 (19)
Now, we operatebα~v on the oupation number state|1α,~v >orresponding to one
partile in the state (α,~v)
bα~v | 1α,~v >= bα~vb
†
α~vbα~v | 1α,~v >= 0 (20)
From equations (18) and (19). Also,
b†α~v | 1α,~v >= b
†
α~vb
†
α~vbα~v | 1α,~v >= 0 (21)
from equation (10). Thus fermion oupation number annot be hanged by operating
bα~v or b
†
α~v on oupation number state, it remains equal to unity always (eqn.(18)).
Thus b's and b†'s lose their meanings as fermion annihilation and reation operators.
How an we then interpret vauum? The disussion presented above provides a
lue to the answer. It is oupied by zeroenergy, whih for nite ~v orresponds to
massless fermions. Thus for eah (α,~v) the fermion an appear in either of two mass
eigenstates with eigenvalues 0 and m, if the fermion is deteted only with the mass
m.
If we swith on external interation these two states get mixed. So the resultant
state is not a mass eigenstate in general and fermions an make transitions from one
state to another. Sine oupation number is not xed the above argument annot
be extended to bosons.
From equations (12) and (13), the free Hamilttonian (eqn.(4)) an be written as
H0 =
∑
α,~v
(
1
2
ω2~vQ
2
α,~v +
1
2
P 2α,~v) (22)
Whih orresponds to quantum mehanial harmoni osillators with wave fun-
tions U0(Qα~v), U1(Qα~v) for the ground and rst exited states with energies 0 and
ω~v. Sine oupation number is xed at unity, these wave funtions orrespond to
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the mass 0 and m of the fermion. We neglet U2, U3...., beause they orrespond to
the mass 2m, 3m et. of the fermion.
To see that the above onsiderations do not ontradit established experimental
results, we take the simplest example of eletrons (fermion) sattered by an external
Coulomb potential,
A0 = φ
=
1
| ~x |
=
∫
d3~q
1
~q2
e−i~q.~x (23)
The interation Hamiltonian, negleting anti partiles
H ′ =
∫
ψ¯γ.Aψd3~x
=
∫
d3~xψ†ψA0
=
∑
α,α′,~v,~v′
b†α~vbα′~v′u
†(α)
~v u
(α′)
~v′ e
i(ω~v−ω~v′)t/(m~v −m~v′)2
∼
∑
α,α′,~v,~v′
[Qα~vQα′~v′ − iQα~vPα′~v′ ]u
†(α)
~v u
(α′)
~v′ e
i(ω~v−ω~v′)t/(~v − ~v′)2 (24)
We assume that the interation is swithed on and o at t = −∞ and +∞
respetively. The sattering amplitude
Cfi =
∫ ∞
−∞
H ′fie
iωfitdt (25)
to the lowest order of time dependent perturbation. Sine the eletron omes from
and go to innity, the energy dierene between the initial and nal states ωfi = 0.
Let, (α1,~v1) and (α2,~v2) be the spin and veloities of the inident and sattered
eletron. The entire proess an be viewed as the mass of the eletrons in the states
(α1, ~v1)and(α2, ~v2 ) going from m to 0 and vie versa simultaneously. Thus, the
initial and the nal wave funtions will be produts of the individual free partile
wave funtions U1(Qα1,~v1)U0(Qα2,~v2) and U1(Qα2,~v2)U0(Qα1,~v1) respetively. [in our
approah, if an eletron (fermion) is attahed to the state (α1, ~v1), it remains so for
ever and under no irumstanes an swith to the state(α2, ~v2). Thus the question
of antisymmetrisation of the wave funtion with respet to the interhange of the two
eletrons belonging to the states (α1, ~v1) and (α2, ~v2) doesn't arise.℄ so,
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H ′fi ∼
∫
dQα1~v1dQα2~v2U1(Qα1~v1)U0(Qα2~v2)∑
α,α′,~v,~v′
[Qα~vQα′~v′ − iQα~vPα′~v′ ]
U1(Qα2~v2)U0(Qα1~v1)u
†(α)
~v u
(α′)
~v′
ei(ω~v−ω~v′)t/(~v − ~v′)2. (26)
Only the terms (α,~v) ≡ (α1,~v1),(α
′
,~v′) ≡ (α2,~v2) and vie versa ,ontribute in the
sum.Putting
∫
dQU∗1 (Q)QU0(Q) =
∫
dQU∗0 (Q)QU1(Q) ∼ 1,we get a ontribution
∼ u
†(α1)
~v1
u
(α2)
~v2
ei(ω~v1−ω~v2 )t/(~v1 − ~v2)
2 + 1↔ 2 (27)
from the rst term in the expression for H ′fi . Remembering P = −i∂/∂Q , we
get a similar ontribution from the seond term. Thus
Cfi =
∫ ∞
−∞
H ′fidt ∼ u
†(α1)
~v1
u
(α2)
~v2
δ(ω~v1 − ω~v2)/(~v1 − ~v2)
2 + 1↔ 2 (28)
In the non relativisti limit ~v1 ≈ ~v2 ≈ 0 and u
†(α1)
~0
u
(α2)
~0
= δα1α2 [from equations
(8)and(9)℄. So ,
Cfi ∼ δα1α2δ(ω~v1 − ω~v2)/(1− cosθ) (29)
Where θ is the sattering angle. Thus the sattering ross setion
| Cfi |
2∼ cosec4θ/2, (30)
whih is the Rutherford sattering formula.
Equation (18) and (19) need some lariation. Sine b2α~v = 0 (from equation(10)),
bα~v has no inverse. So equations (18) and (19) and for that matter (12) and (13) an't
be strong. We would rather take the oupation number state expetation values
< b†α~vbα~v >= 1 (31)
< bα~vb
†
α~v >= 0 (32)
Though bα~v and b
†
α~v lose their meaning as fermion annihilation and reation op-
erators, there exist the lowering and raising operators aα~v and a
†
α~v for the quantum
mehanial harmoni osillators represented by the Hamilltonian of eqn. (22). So ,
Qα~v = i(aα~v − a
†
α~v)/(2ω~v)
1/2
(33)
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Pα~v = (aα~v + a
†
α~v)(ω~v/2)
1/2
(34)
With
aα~vUn(Qα~v) = n
1/2Un−1(Qα~v) (35)
and
a†α~vUn−1(Qα~v) = n
1/2Un(Qα~v) (36)
Corresponding to the derease or inrease of the mass of the fermion by steps of
m.
One may be tempted to identify aα~v with b
†
α~v by omparing equations (12), (13),
(33), (34). But suh a omparison is not feasible in the fae of the weak nature of the
equations and will lead to inonsistenies.
To onlude, sine eah fermioni state is always oupied by a single fermion,
there will be no fermion number violation in any proess whatsoever. External inter-
ations may however ause a fermion with a nite veloity to go from a massive to the
zeromass (energy) state, identied with the fermioni vauum and vieversa, resulting
in apparent annihilation or reation of fermions. The vauum is however undened
for fermions moving with the speed of light. The very detetion of a fermion (eg. neu-
trino) is an indiator that it is massive. A massless fermion moving with the speed
of light an't interat with the detetor, beause interations involve intermediate
vauum states, whih are undened in this ase.
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